MECE 3350U
Control Systems

Lecture 9
Dominant Poles and Zeros
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Midterm exam - Section 15
When: Monday, Oct 15, 11:10-12:30 f
What: Lectures 1 to 8 //

Where: Room split by first name:

A-l J-Z
UL9 UA2120

Prepare your formula sheet (1 page, letter size, both sides)
Everything must be handwritten
Your formula sheet cannot exceed 1 page (letter size), both sides.

Please write your name/student ID on the formula sheet

— Bring a photo ID or student card.

— Exam problems are in line with those solved in class, tutorials, and
assignments.

— Office hours during the reading week: As usual.
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Outline of Lecture 9

By the end of today's lecture you should be able to

® Understand the concept of dominant poles
® Recognize the influence zeros on the transient repose

® Simplify a transfer function to lower orders
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Applications

The roll control autopilot of an aircraft has the following structure:

(s4+1) Y(s)
(s2+3)

@ =

How can we calculate the k that yields an overshoot of less than 2%7?
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Applications

A ventricular assist device is a mechanical pump used to support heart function
and blood flow in people with weak or failing hearts.

Hearibate battery HeartMate batfery
worn

Hearthtate I LVAS
Sysiom Controlter

The model of the heart and pump system results in a third order transfer
function. How can we analyse the transient response of the system?
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First order system

Consider the response of a first order system to an unit step input:

o= ()

s+a\s

Using partial fraction expansion:

X~ Y2 _ 12

s s+a Im
. . -
The inverse transform yields .
<*‘— Re
1 _
X(t) = Z(1—e ) aporarLial
a JJ%?/L ,}wy{h 7
The transfer function has one pole located at s = —a. el “irersanan.
— How does the magnitude of s = —a influence the transient response?
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The effect of an additional pole
Let us now examine the step response of

p 1 1 1
X :7(7):7(7).
O =067 s) = e \s
Partial fraction expansion gives:

P —t 1 —pt
t)y=1— —— +
y() 16

increasing p

0 -2
0 time [sec] 15 0 15

Conclusion: If p >> 1, the term 1/(p — 1)e™ " is negligibly small as t — co.
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The effect of an additional pole

region of region of
insignificant dominant
poles poles

\ Im

unstable
region

>

Re

unstable
region

If the magnitude of the real part of a pole is at least 5 to 10 times that of a
dominant pole, then the pole may be regarded as insignificant.
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Second order systems with an additional pole

Consider the 3rd order function

1
T(s) = .
(s) (% + 2Cwit+1)(ys + 1)
Real part of the poles are: —1/v and —Cw,. Thus, if

> 10[¢wn| (1)

The response can be approximated by
1
s2 +2Cws+ 1"
Take w, =1, and ¢ = 0.45: gives two poles at s = —0.45 + 0.89i.

T.(s) =

Example 1: 7 =1.00 — Adds a pole to s = —1
Example 2: 7 = 0.22 — Adds a pole to s = —4.5.
Example 3: 7 = 0.10 — Adds a pole to s = —10.
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Second order systems with an additional pole
Original 3rd order function:

1
(s2+2Cwns +1)(ys + 1)

T(s) =

2nd order approximation:

1
524+ 2Cwps +1°

Ta(s) =

3rd order function

LI

2nd order approximation

v=0.1, s=-10

y=1, s=-1

0 Time (seconds) 150 Time (seconds) 15 0 Time (seconds) 15
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Additional zeros

Consider the transfer function with an additional zero s = —2z:

2
Y(s) “a(s+z)
R(s)  s2+2(wns + w?

If z >> Cwn, the zero will have minimal effect on the step response.

p i“: x (%)

The unit step response of the above equation is:

Y(s) _
R(s) s + 2{ hS + wh

If x(t) is the inverse of the first term, than thetime response is

m) L)«

F@usion: The additional zero speeds us transients, making rises and falls
sharper.

(4)
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Additional zeros

2
Y(s) “a(s+z)
R(s) =~ s+ 2Cwss + w3
Consider: w, =1, (=045,z=0.7, 1, 10

(5)

decreasing z

0 time (seconds) 15
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Simplification to a lower order /@m ”/’W‘ﬂ’z“"

A more precise approach: Match the frequency response. (%%

Consider the high order system:

ams™ 4+ am_1s" '+ ...+ as+1
G, =K 6
n(s) bps" + by_1s" 1+ ...+ bis+1 (6)

with m > n, which is to be mapped to a lower order system

sP+cp1sP . +as+1
Gi(s) = K-2 L 7
L(S) dg$g+dg_1$g71+...+d1$+1 ( )

such that p < g < n.
The ¢ and d coefficients of the approximate solution G, are obtained via

Mt = 2 m(s) (8)
k
af = S AGs) 9)
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-
Simplification %n, ”W‘”‘
o

Let us define

L (—1)F M) MR (0
Mhq = Z( : k!(2q(jk)! = (10)
k=0
S (-1 k+qA (0) Az" k( )

So that the ¢ and d coefficient are obtained by equating

Mag = Dag (12)

for g = 1,2... and up to the number required to solve for the unknowns.
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Location of poles

2
Whn

52 + 2Cwns + wi

Im
H(s) =

The poles are \

s = Qwn £ jwn V 1-¢ \\&)n

s =—0 =+ jwd

where 0 = Cwy, and wyg = wpy/1 — (2 Re

Wq

— Poles are located at a radius w,

— The angle to the imaginary axis is § = sin™* ¢

|5]:W & = T Sun

‘5}: Cwalt wl (- 51)
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Exercise 40

A closed-loop control system has a transfer function T(s) as follows

CY(s) 2500

T(8) = R(s) = (s +50)(? + 105 + 50)°

Plot the time response to an unit step input when:

— (@) The actual T(s) is used (use Matlab)
— (b) Using the dominant complex poles

— (c) Compare the results
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Exercise 40 - continued

(a) The actual function is

() 2500
T(5) = R(s) = (s +50)(? + 105 + 50)°
(b) The approximate transfer function is /——D R 5t SLT
T(s)s —A200
(s¢50)(s tlos +50) bo 7p 1-5/
L‘P on e
T6) = __ 509 raghd

§%+l9s t 50

=V Mogpituly of T'65) ard T)
st Do o ngms
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Exercise 41

A closed-loop control system transfer function as two dominant complete
conjugate poles. Sketch the region in the left-hand s-plane where the complex
poles should be located to meet the given specifications:

—~(a)06<(¢<08  w, <10
— (b) 0.5 < ¢ <0.707, w,>10

— (c) ¢ >05, 5 < w, <10
— (d) ¢ <0.707, 5 < w, < 10
— (e) ¢ > 0.6, wy <6
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Exercise 41 - continued

5 (a)0.6<C<08  w,<10 57— g i, Wl
L}(pf’_ Im " M%
g, = ' (06) £ ST
& = 36° /
o
Re

9,1,: 530

&, wn (08) <
N

> v M Mun

wuo Ao mal
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Exercise 41 - continued

— (b) 0.5 < ¢ < 0.707, w,> 10 %]
6, = nin' (0.5) //43/@/—1111

9[ = 3(90 < / N
5= i (0.07) / %
O, = 45° \ Re

& O

e NS

- P
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Exercise 41 - continued

— (c) ¢ >0.5,

9 = niy'(05)
o = 30°
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Exercise 41 - continued

— (d) ¢ <0.707, 5<w, <10 y5°

§ = win' (0.70%) & —

—
o= 45° 7/ ™
v

—

q5°
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Exercise 41 - continued

— (e) ¢ >0, wn <6

Im

wofK

name 226

Re
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Exercise 42

A closed-loop transfer function is

L Y(s) 108(s + 3)

T() = Ris) = 5oy 1 85 1 36)°

— (@) Determine the steady state error for a unit step input.

— (b) Assume that the complex poles dominate and determine the percent
overshoot an setting time.

— (c) Plot the actual system response and compare it with (b)
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Exercise 42 - continued

(a) Steady-state error for r(t) = 1.

Y(s) 108(s + 3)
T(s) = = 5 "~
R(s) (s +9)(s* +8s+36)/" &
Css= - Lun s(w&(w?) 1
S0 (seR)(s%Bstdp) >

Css = 1- (98«3
% 30

@ (yer)
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Exercise 42 - continued

(b) Overshoot and settling time considering the dominant poles.

CY(s) 108(s + 3)
T() = s _},H 9)(s2 + 85 + 36)°
0 Y

T'e)= _2lse3)
§ “«8s+ 36 _ 7
Wn=U26 = 6redss PO - looelTs

02,§U/m: g PO: 6%
l—’-—b g: O(Q?
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Exercise 42 - continued

(c) Overshoot and settling time considering the dominant poles.

CY(s) 108(s + 3)
T() = R(s) ~ 5+ 9)(s? + 85+ 36)"
To= 4 = 4
7 g W 606
TS; { sec
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Exercise 42 - continued
T = tf([108 324],[1 17 108 324]);

step(T); stepinfo(T) M“f?’ {"‘”M o
H = tf([108/9 324/9],[1 8 36]); ,
step(H);lstepinfo(H) ] W

dominant poles

7

actual response

0 time (seconds) 2
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Exercise 43 Wk
/

1

S

Consider the following closed loop system

R(s) Y(s)

5440(rs+1) |
= (s2+28s5+432)

Where 7 can take the values 7 =0, 0.05, 0.1 or 0.5. For r(t) = 1:
— (@) Record the percent overshoot, rise time, and settling time as 7 varies.
— (b) Describe the effects of varying 7.

— (c) Compare the location of the zero with that of the closed-loop poles.
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Exercise 43 - continued

The closed loop transfer function

R(s)

5440(7s+1)
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Y(s)
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Exercise 43 - continued

5440(7s + 1)

T =
() = 552857 1 (432 1 5440+)s + 5440

Matlab commands:

H = tf([5440*t 5400],[1 28 432-+5440*t 5440]);

infostep(H)
damp(H)
T T, Ts P.O. zero pole
0 @,(0 D@Q 3?’0/0 v.4. _,2/0) “%i’lGT
0.05 014 0.4 4.5% 1oe5 Loy , -89 2y
01 o lo 0.4 VA Llo | 45, -bFI2T
| - - 130 % 5¢y
05 oo  1ed w2 Lls M
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Exercise 43 - continued

t=0;

H1 = tf([5440*t 5400],[1 28 432-+5440*t 5440]);

step(H1);
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Exercise 44

The roll control of an aircraft is shown. The goal is to select a suitable K so
that the response to a step command r(t) = A will provide a fast response with

an overshoot of less than 20%.

aileron actuator

aircraft dynamics

R(s)

12

Y(s)

k
(s+7)

s(s+3)

1

Steps for designing the controller:

— (@) Determine the closed-loop transfer function

— (b) Determine the poles for K = 0.7, 3, and 6;

| gyroscope

— () Using the concept of dominant poles find the expected overshoot

— (d) Plot the actual response with Matlab and compare it with (¢)
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Exercise 44 - continued
(a) The closed-loop transfer function

aileron actuator

aircraft dynamics

R(s)

12

Y(s)

s(s+3)

(s)= K RE5)
7 5(5¢3) (5 ¢F) €k

. K RE)
\/[5> Szt 1052’ «2]s €K
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Exercise 44 - continued

(b) Finding the poles
12k 12k

= = 13
s(s+3)(s+7)+ 12k  s3+10s? +21s+ 12k (13)

T(s)

§2los¥ e 2ls+ Rit =0

S=-1.22
=0t 4o _ oo

S3 = -0.52
Si= ~1.91
K> 3
{515: _Jot{f{%o—

K= Y {s,: - 8953

S;Ls = 9 llf f o?/g-lo_'
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Exercise 44 - continued
(c) Overshoot considering the dominant poles (k =0.7, 3, and 6).

12k 12k
T 5341082 + 21s + 12k (14)

T(s) = s(s+3)(s+7)+ 12k
Tom
K:@,s—p Ma.mmf PO =0 )f*"”” 2.8(
e st
— - 0«?‘/ © 03y
b =ur (?ﬂ—) g ‘[/7”) < 0.25
o= 14 = )
00— oo TF = 439

- o e = 2805t
v radle

Te=_ 1 - 2 ‘{&,//

36 /39 Lecture 9

MECE 3350 - C. Rossa



Exercise 44 - continued

(d) Step-unit response using Matlab
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Exercise 44 - continued

(c) Overshoot considering the dominant poles (k =0.7, 3, and 6).

B 12k _ 12k
T s(s+3)(s+7)+ 12k s3+10s2 + 21s + 12k

T(s) (15)
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Next class...

® Stability
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