MECE 3350U
Control Systems

Lecture 5

Effect of Pole Locations
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Outline of Lecture 5

By the end of today's lecture you should be able to

e Understand the concept of transient response
e Observe the influence of the pole locations in the temporal response

e Find the temporal response of a system for a given input
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Applications

The rotational velocity of of the satellite is adjusted by changing the length of
the beam. How can we determine the shape of the transient response?
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Applications

A robot gripper is to be controlled by a DC motor. How can we determine the
transient response of the gripper's position?

p (‘9 \ Potentiometer

\ Difference

amplifier
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From the last lecture

A transfer function can be written as

_ N(S) _ bwS™ + bn_15""" + ...+ bis + bo

H(s) = D(s)  ans"+ ap_15" 1+ ...+ ais+ ao (1)
with n > m. The zeros z; are the roots of
N(s)=0
Thus:
lim N(s) =0 (2
sz

The poles p; are the roots of
Thus:

D(s)=0
ILm_ H(s) = o0 (3)
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Poles and zeros

Consider the following function:

F(s) =

— Poles: —1+2j, —1 —2j

— Zeros: 0, —3
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First order systems

Consider the RL circuit shown.

Is) 1 1/R
V(s) Ls+R  s(L/R)+1

H(s) =

Time constant: Characterizes the response to a step input of a first-order
system.

— The denominator must be in the form of 7s +1
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First order transfer functions Hs)=

1

Stau

- hlg= ¢ c

Impulse response: v(t) =6(t) = V(s) =1

Ms)=_1 ﬁh[é)/
1 1 1 5—@
)= Fr 1= 7R ()

s+ 1
The pole is s = —1/7. The time response is:
1
t)=—e 7
i(t) ™R
S ét X %n 3
0 ke H
&

@4\\

0 time [sec] 2 0 2 0 time [sec] 0
Real Axis (seconds ') Real Axis (seconds)

7 Lle-
If 7 > 0, the pole is on the left-half s-plane. MY

If 7 < 0, the pole is on the right-half s-plane.
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First order transfer functions

Step response: v(t) = u(t) = V(s) = ¢

oL (A )Ly (1)1,
TR \ss+1) 7tR\s/\s+1) 7R\

Solving for the partial fraction coefficients: k1 = 7, ko =

i(t) = 1 — e7$

x

B
Imaginary Axis (seconds )

Imaginary Axis (seconds ")

ko
s+

—7, thus:

)

/1 U

time [sec] Real Axis (seconds ') time [sec]

If 7 > 0, the pole is on the left-half s-plane.
If 7 <0, the pole is on the right-half s-plane.
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Second order transfer functions

- o W
F—1E—
b L > x(t) t

X(s) 1 1 1
H(s) = = R . R
(s) F(s) ms2+bs+k m<52+:15+k)

m

In standard form we have

1 wﬁ
Tk $2 4 2¢wns + Wi

H(s) (5)

: Dimensionless damping ratio

= w, = \/g: Natural frequency (rad/s)

MECE 3350 - C. Rossa / Lecture 5



Second order response

Let us now analyse the response to a step input of a second order system

x© =7 (3) <+2£L+w) (©)

The poles of the transfer function are:

_ —2Cwn £ (2¢wn)? — 4w? _

Thus:
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Second order response

1(t)
2_'\/1\{/%'_ f(t)
—F—
b L x(t) t
1/1 w?
X(s)= = (=) [
(5) k (S) <52+2<wn5+w’21) (8)

Case 1: ¢ > 1, (lots of damping) 4}

Slzwn(—C-f—\/(:—il) -ﬂ;f §>j) 5,;?9,6%
*wn( ¢— \/7) < 1

K S [Swj[wh]
a,b, ¢®_

1 (ki k> ks
X(s):; <s+(s+al)+(s+az)> )

Roots are negative real numbers. Partial fraction expansion yields:
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Overdamped system
Example: m=1kg, k=1N/m
b =3 Ns/m, ¢ = 1.5; b=2.1Ns/m, ¢ =1.05; b=2Ns/m, ( =1.

1 1 1
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displacement m]
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Second order response

m

b L x(t) t

1/1 wh
X(s) = k (;) <52 + 2¢wns + w?,) (10)
Case 2: 0 < ¢ < 1, (some damping)
51 = Whp (—C-i—x/(j—].)
o (¢ VET)

Roots are complex conjugate numbers with a negative real part. Thus:

Conergins 4 520

/\
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Underdamped system

b=15(=075 b=1 (=05  b=05(=025  b=0.1,¢=005
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Second order response

f(t)
5 W 0
T (t)
b L x(t t
1/1 w;
Xs)=Z =) | =—"—— 12
©=5 () <s2+2<wns+w%) (12)
N
Case 3: ( =0, (no damping) =0

S1 = Wy (—C—l— \/(j—il)
S = Whp (fgf \/ﬁ)

Roots are purely complex conjugate numbers. Thus:

s $2 4+ w2

X(s) = % (1) ( h ) x(t) = %[1 — cos(wnt)] (13)
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Undamped system
g5

2 1 X P (AMQ% /Z,Ub

£ 20 &

8

: § ('6‘ =0 B
g
E
= 25

(me
0 1
0 time [sec] 2 2 el Ax\s(‘éeccnds") ?

The frequency of oscillation for of an undamped system is called the natural

frequency.

In our example:
| k
n=1/ — 14
v m (14)
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Natural frequency

The frequency the system oscillates @Example: b=(=0, k=1.
m=1, w,=1rad/s; m=2, w,=0.71 rad/s; m=4, w, =0.5rad/s;
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Second order response

m  |—

1/1 wh
X R - 000 1
(s) k (s) <s2+2§wns+w%) (15)
Case 4: ¢ < 0, (hypothetical negative damping)

51:wn(*C+\/§T1), 52:Wn(*<*\/€T1>

Roots (real or imaginary) have positive real parts. Possible solutions are:
x(t) = k(1 + ko€™" + k3e®") (16)
=

) el¢lwnt gin (wn 1— (2t +cos! C)] (17)

qg:ib—l‘?
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Unstable system

b= —-0.1 Ns/m; b < —1 Ns/m;
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Summary
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Damping ratio  Roots Systems response
¢>1 Distinct real overdamped
(=1 Equal real damped
0<(¢<1 Complex conjugate  underdamped
(=0 Purely imaginary undamped
(<0 Positive unstable

Im

+jwny/1 — 2

*jwn V = <2
Unstable
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Location of poles in the s-plane

For a second order system, the poles are
0 =sin""¢

s = (wn £ jwny/1 — 2 /
s = —0 % jwy

X
where o = Cwp, and wy = W"m

Im

— The magnitude of s is
2 ?
Is| = \/ G+ (wy/1=¢) =wn |
A
— The angle to the imaginary axis is
X
sinézﬁ%OZSin_lC o
Wn

MECE 3350 - C. Rossa

Lecture 5



Exercise 21

Discuss the correlation between the poles of

2s+1

H(s) = ="~ _
(s) s24+2s+5

(18)

and the impulse response of the system and find the exact impulse response.

Procedure:

— Calculate the damping ratio and the natural frequency

— Calculate inverse transform W‘K
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Exercise 21 - continued

= 2L was Ve /]
we T P +2545 2w 2
§¥: 2545 =0 _m<‘)
c= -1+2¢
§'=~1-24
H@): L5+ f - R_L ~+ —yg_
(s+1-2:)(s+4+22) S+ 1+2¢ S+1-24

Vi

Als «1-20)+ B(s¢it2c)~ 2s¢d

THM:Q/ > by A= e

A-280i+B+2Bi= 1L
B~ 1+

£

Q=
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Exercise 21 - continued

- -4, [,
H-(s%xi . \_ij_zg_\ -1
5_[. i+ 2L S‘fi— 72/(. 29%

. e (~1-20)k Jed; (-142&)t
h(g)= <i qiLJQ +< 7)@

_,e —21,/(: <1+ /. @—/6@21’)6

l

%
_ -.ZA,)E £ \-4, N
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Exercise 21 - continued
i kel Dy, X = _{, [g};d/.,c @—LDL
oh o= %/(8 + C ) ) ,,(2_,(; )
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Exercise 22

Consider the system of the form

9

HE) = F s rg (19)

Calculate and sketch the response to(as unit step input]for the following cases
—b=9
Lb )= 1

—b=0 {
b V(s) s

—b=6
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Exercise 22 - continued

wﬂ:;)g:ﬁnfé/s H(s) = 52+§s+9% (20)
2.3 5% 2f Wn+ Wl ool we
$= L.854
His)= A + 8 + Si {5 = 1.4,

S+ 2.85y St L1
\¥@W£‘11Hé‘”%t .

sthigg partall Procli, hig)= o 17le

A< 0.7
Bs-4 1
C= 4
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Exercise 22 - continued

H(s) = ——=~ (21)
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Exercise 22 - continued

o

H(s)= —— =
W= Srod/s ) s?+25+9s
=

02,5(1/71 = \2/

5:3441 —DMLWWW

(22)
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Exercise 22 - continued

UJM:3 :J 9 1
25um= @ J HE) = o7 6s 70

)001[3 e ‘3,‘3,
pes)s 8 4 = A «B <
(s<3)* S S 6&9@‘%§+3

nie)= - 3™t e

(23)

A=4

=3
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>
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Next class...

e Block diagrams
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