MECE 3350U
Control Systems

Lecture 4
Transfer Functions
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Outline of Lecture 4

By the end of today's lecture you should be able to

® Understand the concept of transfer functions
® Find the transfer function of a given system

® Find the temporal response of a system for a given input
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Applications

If the spring is stretched to a point x(t) =5 mm, held, then released at time
t = 0, how does the position of m; evolve in time?

m
bW 2 ks

1
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Applications

What torque must be applied to each of the robot joints so that end-effector

moves along a given trajectory with a given speed?
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Input/output relation
Transfer function: A relation between the input and output of a linear system

Example: Input: force f(t), output: displacement x(t)

=
F—F—
b L > x(t)
d?x dx
?+ba+kx:f(t)

Taking the Laplace transform:

m %K) + bs Xs) + K x(s)= F(5)

The transfer function is X(5) [Mﬁ tbs+ K] =FG)
X(s) {
H(s) = = —1 (1)
F) g™ bae k7
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Input/output relation ( K fwé/c

v %
Example: Input: force f(t), output: @v(t) b/\r’<

apait
1
b L v(t)

The dynamic model is 4 d- — v@(é:) - Kf!\ﬁét bar
akb

(2)
Laplace transform of is
@ s V) + bVis)+ Ksi\/[s)\\ FG)
The transfer function is

CL,QY\\/é)J'U/Q ng ‘
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Input/output relation

Input: Voltage v(t), output: Current i(t)

R
VAN
v(t) () i(t) L
v(t) = Ri(t) + L% (4)

Taking the Laplace transform of (4): Vis)= RIC) + 2 s T

Vi) = TG) [ R+4s]

The transfer function is

_As) _ j
DTV T e
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Input/output relation

Input: Voltage v(t), output: v,(t)

u(t) (

W(t) = Ri(t) + L%, = L% (5)

Taking the Laplace transform of (5):

= Ls IC
vG){Rus]r(g) Vi (5) = Ls ICs)

- Z6) = Vuls)

The transfer function is e Ls
A ; o
/vl(s) 1 s Vi(s) 7 1ls
( V(s) Ls+R’ foV(s) T TS
[ Ls+t .
\ . /// SO 4R: 1)

- =
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Input/output relation ”"’“@/(/—\

The equation of motion of the simple pendulum is &

d*o(t
dt(2 ) +m%_sinj: T(t) (6)

For small angles, sinf = 0, in the frequency domain:

5% O6) + ang BG)= TG
Q

0(s) 1
ms ¥y
e

(7)
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Transfer function poles and zeros

Transfer function: A rational function in the complex variable s = o + jw:

_ N(s) _ bns™ + bm_1s""' + ...+ bis+ bo

H(s) = D(s) aps" + ap—15"" 14+ ...+ as+ ag (8)
The zeros z; are the roots of
N(s)=0
Thus:
lim N(s) =0 9)
sz
The poles p; are the roots of
D(s)=0
Thus:
lim H(s) = o0 (10)
s—p;
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Poles and zeros

Consider the following function:

F(s) = s(s+3)
s24+25+5
— Poles: —142j, —1—2j
— Zeros: 0, —3
30
20
’ ) 3 "
]
21 e
2 E 0
E oje . = -10
g -1 -20
-30
2 ®
3 25 2 15 1 05 0 40
Real Axis
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First order transfer functions

Order: The number of the highest derivative in the denominator (power of s)

Standard form of a first order system:
1
T7s+1
Characteristic equation: The denominator of-the transfer function

G(s) =k

RO N S| i
V) +R . R L ¢4
2
Time constant: Characterizes the response to a step’input of a first-order
system.
L
=— 11
r=z (11)
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Second order transfer functions

Standard form
2
w
Hs)= —7r—"—— 12
(s) 52 4+ 2Cwps + w? (12)
Where: w, is the natural frequency, ( is the damping ratio.

We will come back to these definitions in the next lecture.

% UkWU f(t)
m —
b L v(t)
K
T
F(s ms2+bs+k 7.l Lk ' v K +bs<k
) (5% st ) e ¥
= (= 2\}’@: Dimensionless damping ratio [l K/om-
= wp = \/Z: Natural frequency (rad/s) 4

Koo ¥eby st ki
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Temporal response

Step 1: Define the input signal in Laplace domain

amplitude
amplitude

amplitude

/
—

I ime time time

impulse step ramp
input signal  time domain requency domain
impulse
step

ramp

a is a constant
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Temporal response

Step 1: Define the input signal in Laplace domain

[ time sinus cosinus

polynomial

amplitude
amplitude
amplitude

input signal  time domain frequency domain
polynomial  r(t) = at” R(s) = as,,i1
sine r(t) =sin(at) R(s) = 75
cosine r(t) = cos(at) R(t) = =iz
J
a is a constant bhere © Dhe qvalr@s‘
647(0 o
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Temporal response

Step 2: Replace the input signal in the transfer function

X(s) 1
H(s) = = 1
 Hs) F(s) ms2+bs+k (13)
For a impulse input f(t) = d(t), F(s) = 1 and the temporal response is
—
X(s) = — Lt 1 (14)
ms? + bs + k
For a step-type input f(t) =1 N, F(s) = 1/s and the temporal response is
L A
X(s) = ms? + bs + k (;) (15)

For a sinusoidal input f(t) = 5sin(t) N:
v

1 5
X(S)*ms2+bs+k(52+1> iwﬁ;&) (16)
R Uy
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Temporal response

Step 3: Calculate the inverse transform of the resulting function

For a impulse input f(t) = d(t), F(s) = 1 and the temporal response is

1
gz L 1 Y
x(t) ms2 + bs + k (a7
For a step-type input f(t) =1 N, F(s) = 1/s and the temporal response is
1 1
9= (s () :
x(t) ms?2 + bs + k \'s (18)
and so on.
transient steady-state
1.5
z
E final value
60 u 1
0 time [sec] 15
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Steady-state value
Final value theorem: Gives the steady-state value without computing the
inverse transform.

If the function converges, i.e., the poles of sX(s) have negative real parts, then:

lim x(t) = lim sX(s) (19)

t—o00 s—0

For a step type input, the mass spring damper system settles at

=i = ()= £

For a impulse input, the RL system converges at

I|m i(t) = I|m sl(s) = I|m s{ 0 (21)

s
Ls+ R
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Exercise 16

Find the transfer function H(s) between the input voltage V and the output
voltage Vou¢.

vO i) T |Veu

Procedure:
— Find the differential equation for the current
— Find the equation for the output voltage

— Calculate the transfer function
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Exercise 16 - continued

Vs R
()= PRI + ijmm of AAA At
C Q/ )
ledRo @ VO i) o |V
NahtL) = éﬁét — Vet ls)= é T6) ©
@) T~ Vaut(s) Cs. w@ il ks
an Y2
vis)= [FLJ« ij Vaut(s) C.s P npebe {\/& 1
< V) = ths)xsfs_b
—2 oD O
V)= (RCs+ 1) Vet(s) °
- (@{—”)“/ =0
Vauks) eves “f S5-50 /

vV s) RCs+ 1
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Exercise 17

Find the transfer function H(s) = % between the force r(t) and the velocity

of mass mj.
v(t)
l—>
k by
J—MWM—] 2 |
r(t)
bz mq

A Iy

7 L
Procedure:

— Find the differential equation the velocity of each mass
— Calculate the Laplace transform

— Calculate the transfer function
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Exercise 17 - continued

Many, 4
/'(,{,'6) - bg/\f—}_ - 51 (’\FL_’\)\Q_/) = M\/U_l
ﬁ,ﬁﬁ) - b,,z\/l(s)— bL (.Vl ls)\ V_Lfﬁ)):/rns\//S)

mhlé‘{‘ b[‘éb,z,] VLLB) ‘le.’a,&) = R/(S) @)/

Maw, 2
blﬁf"“r"r?)‘ blf“}'@ét :rm_zli%,

mas Vals) by (Val)=1i(s) +K vl =0

(e a0 @)
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Exercise 17 - continued

@ [ms+ (b + b2)]Y(s) — b1 Va(s) = R(s)

@) —bY(s)+ (mzs t b+ g) Va(s) =0

/_,7 Vols)= b vil) G)

OV\LS-ébH‘K{
@ n @ 5(1/6_5
Zrmd%(h*%)]\/llﬂu b (ﬁﬂ——y/t[ﬁ) = P\/(S)

maS+b+ K

L) 5911/15@ :

2
V[(S) _ muS + bls+ [
P\,(ﬁ) (“ﬂ]s f b)+ bél.)(,(n\ls 2(' bl St K)* blz B
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Exercise 18

A high precision positioning slide is shown in the figure. The drive shaft friction
is by = 0.65, the drive shaft spring constant is k = 1.8, mc = 1, and the slide
friction is bs = 0.9.

y(t)
i_>
i k
} M . 2(t)
carriage

Determine:

— Find the transfer function H(s) = X(s)/Y(s).

— Calculate the natural frequency, damping ratio, the poles, and zeros of H(s)
— Find the steady-state value for a step input

— Plot the step response of using Matlab
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Exercise 18 - continued

=

y(t
=

mi= Kly-2)+(y-%)~ bs T

an s %) = K V() KXEs) + hysYE) ~bys¥E) - hs¥6s)
ans® 1(s) + Ubs ¢ by )s XG5) +KX0s) = by sNG5) K Y6)

XG)[M%% (bs¢he)s + )C] = Y[S)IJ%S‘(' K] K (V'i__b

lo&CYj’l,_p e

o) bkl T
YG5) ms% (bsthy)s +K

carriage
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Exercise 18 - continued

ﬂ N bds+ K
Y(5) ms% U)gfbd)s tK

forca mpsk m):SL

\/[5): bds + K % *{
M$Q'+Cb5<’bé>5‘(')5 S

Jadl ol =47 SW&)}

carriage

me

S—o

%) = V6D — /5/ hus + R {

A4 - K. 4
v L’VO Mgif(bsfhi)ﬁk/g S—p0 K 7
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Exercise 18 - continued - Using Matlab

H = tf([0.7 2],[1 2.8 2]) — Transfer functlon

damp(H) — Natural frequency and damping
step(H,10) — Step response
pzplot(H) — Location of zeros and poles
1 0.3
_ X
= 3
2 z
£ P
© 5
£
= X
0 03
0 10 -2 0 2
displacement [m] Real Axis (seconds")
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Exercise 19
Calculate the natural frequency and damping ratio of the following transfer
function

T(s) = 1.05 x 10’
T 252 41.6 x 103s + 1.05 x 107

Determine:
— Write the transfer function in standard form
— Find the steady-state value for a step input

— Calculate the natural frequency and damping ratio
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Exercise 19 - continued

_ 1.05 x 107
"~ 252+ 1.6 x 103s + 1.05 x 107

oo g gk
STCs)‘H?O |

_ Loswet
25%¢16 lg’s + [.oSHoT S S—p0

T(s)

3

T)= 0525

5%, 0.8 lo®«0.525¢lo*

W= 0.525¢ 107 | |wa= 2281 redfs

2§uwn = o el

N :
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Exercise 20

Find the transfer function G(s) = 38 of the circuit shown. Then, calculate
the step response of the circuit using Matlab. Take R =10 Q, C = 0.001 F,
L=01H, V=5V.

oK W
tor”
%«ﬁ”w

Determine:
— Find the transfer function H(s) = k(s)/V(s).
— Find the steady-state value for a step input

— Plot the step response of using Matlab
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Exercise 20 - continued R R

vs)= LR+ Ls (T-1a8) @ %}@ ?@
v il(D L iz(D TC

Tis)=  V+t Il

WL R «siL

[Tets)- It )]st + Bal) +Cis. I.6)=0 ]

V-
@ts)[sLJJ{JrEfB_I—SL <C\M) -0

R+s 2L
<
Rg[+i+&5\L 5% — /s Vﬁﬁ) ] {
Cs ResL R+ se To

T265) - LCSQI
Vis) st(2RcL) € 5L+ RC)+R
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Exercise 20 - continued - Using Matlab

MECE

Current

3350 - C. Rossa

0.25

0.2

0.15

0.1

0.05

time [sec]

0.1

‘0
8
2
Q
o
Q
e
o
>
©
£
=3
©
E

o

-40 -20
Real Axis (seconds")
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Next class...

® Effect of pole locations
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