MECE 3350U
Control Systems

Lecture 3

Laplace Transform
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Outline of Lecture 3

In today's lecture we will

® Review the principles of the Laplace transformation

® Apply the Laplace transformation to a system
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Applications

v(

Fi)= mi btk
yte) Cjb e gt

MECE 3350 - C. Rossa 3/38 Lecture 3



Input/output relation

Transfer function: A relation between the input and output of a given linear

system
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system

How can we evaluate the temporal response to the system?
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Laplace transformation

The time-response solution can be obtained using the Laplace transform.

differential equation solution

L L1

time domain frequency domain time domain

mbe 4 pdr 4 py F(s) = X(s)[ms? +bs+ k] ax(t)=Ke *sin(ft +0)

— Obtain the linearised differential equations
— Obtain the Laplace transformation of the differential equation

— Solve for the variable of interest
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Laplace transformation
A mass-spring system is governed by the differential equation

dx(t)
X0 ) = F(o @)

Solutions of (1) can ei?,i{(—:r be

— Exponential: x(t) = e with ae R 7 oo Lt
— Sinusoidal:  x(t) = sin(at) = e~ /**

Fourier transform: Analyses the frequency response of a system

X(w) = /Oo x(t)e 7 tdt (2)

—o0o

\ o DA =
N\ CJYY Y, T

Where is the exponential term??
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Laplace transformation

. /\/W/\ x = e

The standard form of the Laplace transform is:

-5
X(0,w) = [ T [x() - T e 3)

where the complex variable s = ¢ 4 jw has:
— A real portion o, which corresponds to the exponential response

— An imaginary portion w, which corresponds to the sinusoidal response
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Laplace transformation

x(t)
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Laplace transformation
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Laplace transformation

The Laplace transformation for a function of time f(t) is
F(s) = / f(t)e *dt = Z{f(t)} 4)
0

where s = 0 + jw.

The inverse Laplace transform is

F(t) = 2 /T+JOOF(s)eStds (5)

B 27’[’_/ —joo

Transfer function: The ratio of the Laplace transform of the output variable of
to the input variable.
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Laplace transformation v
z
What is the Laplace transform of f(t) =17 //’
F(s) = /Oo fF(t)e *dt = 2{f(t)} z
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Laplace transformation

f(t) F(s)
Impulse function 6(t) 1

Step function u(t) %

e s%a
sinwt sy
coswt ﬁ

t e

e sinwt s
e ' coswt MZ)%
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Laplace transformation -2{56“)3 = & Xbs)-s%1lo)- s o) - (o)
Giley = 5°K) ~s2le) ~2ls)

Liaw) = 2X6)- o)

f(t) F(s)
& (0) $*F(s) — s*71F(0) — s¥2£(0) — ... — F*71(0)
[ £(t)dt B 4 L[ f()at|

The Laplace variable s can be considered to be the differential operator:

d

%:>/Otdt 7)
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And the integral operator:
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Laplace transform properties

Linearity
Z{ax(t)} = aZ{x(t)} = aX(s) (8)
Z{ax(t) + By(t)} = aX(s) + BY(s) 9)
Time shift
x(t—71) = X(s)e™™" (10)
Initial value theorem
lim x(£) = lim sX(s) (11)
Final value theorem
lim x(t) = lim sX(s) (12)
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Laplace transform

Consider all initial conditions to be zero. . \/CS)—‘CR'FLS)I(S)
VVAA
v O i) L
2{v(1)} =${Ri(r)+ LdZ:)} (13)
V(s)= RIG)+ Ls TG) (14)

V/(s) is called the forcing function: a term that is only a function of time.
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Common forcing signals

Impulse function

Mﬂ_{A =0 sy =a ___l_*

0 t#0 t

Step function

A t>0 1
wn_{o (2o — UG =AL

Ramp function

rm:{AttZOAR@:A;

0 t<O0
t
Parabolic function p(t)
AL >0 1
t) = 2 = P =A—
p(t) { 720 P = A
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Partial fraction decomposition

Consider the function F(s) given by

B(s) Z::O as*
A(s) 22:0 apsP

with A and B being polynomials and p > k.

F(s) = (15)

How to split up a complicated fraction into known forms such as:

C1 C2 ap
F(s) = ?
(S) S+81+S+32 s+¢

Such that:

f(t):gl{F(s)}z.fl{ “@a L2 4@ }

s+ a1 s+ a» s+ ap

o1 C1 -1 &) -1 Cp
=2 {s+a1}+$ {s+az}"'+$ {s+ap}
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Partial fraction decomposition

For each factor in the denominator, the term in the decomposition is:

Factor in denominator Term in partial decomposition
C
as+ b prew>
K a <) Ck
(as + b) as+b + (as+b)? + o (as+b)k
2 ci1s+co
as“+ bx+d 252 1sbid
2 k c1ste; cs+e CkSt+ex
(as” + bx + d) as?+sb+d + (as?2+sb+d)? +o (as?2+sb+d)k
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Partial fraction decomposition

3s+11 a 4 _b als¢2)eb(s¢8) _ 3stll
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Partial fraction decomposition

2415 L« cstd
(5+3)2(s2+3) 7 (5 3) (5¢3)? 82«3

COmom — (5#5)2652‘%3)
o (5¢3)(s*3)+ b(x%3) + (csed)(se3)“= 8545

SOIVI‘YU a{::{?./ ) b: —2_/ C—“;é y d: %/

ﬂua,. _4/—~ +t 2 * Ji.
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Laplace transformation

F(s)

f(t)

(s+a)(s+b)

MECE 3350 - C. Rossa

Unit impulse §(t)
Unit step function u(t)
Unit ramp t

t" with n € N

21/38 Lecture 3



Exercise 11

If the mass is released from rest when the spring is stretched by y(0) = «,
calculate its position y(t) as a function of time.

) (t)
y

Procedure: =

— Find the differential equation
— Calculate the Laplace transform

— Determine the temporal response using the inverse transformation
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Exercise 11 - continued

m
Given y(0) = «, y(0) = 0. Determine y(t). % vy

y(t)
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Exercise 12

Consider the following differential equation in the frequency domain

10

FO) = o3+ 10)

Determine:

— The final value of the function f(t) when t — oo

— The function f(t)
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Exercise 12 - continued

Final value

10

FO) = 06710

lim: oo F(t) = lims_so[sF(s)]

Qi )= Wi (5 f0 |\ _ Q[ Lo \_ Lo _34
H,o"m S0 s@d)&d@)) $70 ((Sf(XS{—[@) (9 7
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Exercise 12 - continued

Final value

10

FO) = 06710

lim: oo F(t) = lims_so[sF(s)]
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Exercise 12 - continued

Partial fraction expansion

10 a,+1>+c
5

F(s) = SGAD(s+10) stl s+/o

o (se0(s¢lo)t b(s)selo)+ c (s)sef) = Lo

g% (atbec)=0
s (Latlob+c) =0
loa= Lo

= 1 B
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Exercise 12 - continued

Inverse transformation

1 101 1 1
o) =5~ 951195710
k) {
377k o
)= 1 Lo @_t+/ S0k
5, = — =
M\DW)/t—poo -0y 0 i/
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Exercise 13

Consider the following differential equation in the frequency domain

1

FO) = rap

Determine:

— The final value of the function f(t) when t — oo

— The function f(t)
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Exercise 13 - continued

Final value

lim: oo F(t) = lims_so[sF(s)]

Mgw-ﬂm( .4)‘[)1”%_1_\_

b0 S0 (%2)@
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Exercise 13 - continued 1/ 5f+5%z @:g)- G2y

Inverse transformation

é“b \DL/_\D
F(s) gﬁ @s 12 O(s t2)2
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Exercise 14

Assuming all initial conditions are zero, determine the solution of the following
differential equation, where the forcing term is|f(t) = 2e~".

Fy(t) | ,dy(t) | dy(t)
T AT F5 2 2

w b%: <

e
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Exercise 14 - continued
2

(55+ 4s¥e 554 2) Y5) = Sel

o Ao 2
(5¢0)($3ets™e Sse2) (s<t) (sz)

it P2 /P"WM

N a b ¢ d
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Exercise 14 - continued

WWY 2 2+2 e
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Exercise 15

A laser printer uses a laser beam to print copy rapidly for a computer. The
laser is positioned by a control input r(t) so that we have:

A et 0

_ 6(s+50)
Y(8) = 2 205 1 3007

The input r(t) represents the desired position of the laser beam. If r(t) =1,
L

determine:
/
— The output y(t) Q%
/
— The final value of y(t) L
Rls) = 5{
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Exercise 15 - continued &
1 - Partial fraction expansion &

L/s p— 67( 50)
RO =1 Y0 = i), = L) L

kb & -
Stlo $+30 s — Ot:fiz
C= 0.2

\{&):% _ 4.2 + 0.2

s+l $t30

2 - Inverse transform

gw:,{@“l[%%)) = 14 9,2({30{1'.2@‘[0}6

gf 4—p -0, Ale0) = f/
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Exercise 15 - continued

2 - Final value of y(t)

R(s) =1, Y(s) = 2220 R(s).

yloo)s L, (6(s+5@> 4] = Cxfe  _J,
sto I \[5+00)(s+30) i Lo 30
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Next class...

® Transfer functions
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