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Control Systems
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State Space Models
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Outline of Lecture 21

By the end of today's lecture you should be able to

® Represent differential equations using matrices
® Obtain a state variable model for a given system

® Understand the role of state variables in design problems
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Applications

How can we determine the future orientation of the space station for a given
control action?
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Applications

The step response of position controller of the surgical robotic arm is shown in
the figure.

transient

steady-state

displacement [m]

time [sec]

What parameters influence the transient and steady-state response?
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Time domain and time invariant systems

State of a system: The set of variables that provides the future state and
output of the system for a given input.

- I

ot system future

P states states
—_ —>

State variables: x(t) = [x1(t), x2(t), ..., xa(t)]

Examples: Position, velocity, voltage, current, etc.
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Space state model

Consider the following system where u(t) is the input and y(t) is the output.

k > u(?)
I \W—  m

b

friction

What variables do we need to know to predict the new state of the system
when a force u(t) is applied?

x(t) = [a(t), x(t)]

Xl(t) = ,Xz(t):
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Space state model

k —— u(t)
7 WN— m

b

friction
State variables:
dy(t
() =y, x(n)= 20

Differential equation describing the dynamic behawour of the system

m )+ () = )

In terms of state variables:
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Space state model

Consider the following system where u(t) is the input and v,(t) is the output.

u)@® o RS w(t)

What variables do we need to know to predict the new state of the system
when a current u(t) is applied?

x(t) = Pa(t), x(t)]
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Space state model

L iL(t)
YL
ve(t) '
ut)( REsye RS voll)
Jic(t) N

ic(t) = C2el) — () —iy(t)
L9 — —Riy (t) + ve(t)
vo(t) = RiL(t)
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Space state model
xa(t) = ve(t), xe(t) =i(t)
The state space equations are

() = — ge(t) + gu(?)

salt) = palt) - %m(t)
In matrix format we have
sa(t) x(t)
- + u(t) (1)
So(t) x2(t)

x(t) = Ax(t) + Bu(t)
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Output matrix

L ir(t)
Recall that -
) +
x(t) = ba(t) (] =[ve(®) 21w e 2w
lic(t) -

y(£) = ()R = xa(t)R

In the same way, the output signal can be written as

y(t) = Cx(t) + Du(t)

y(t) =0 RIx(t)

The space state representation is:

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
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State space - standard form

x1(t) a1 a... A xa(t) b b
A t
d X2(t) ani ano ... asn Xz(t) 11 1m ul( )
< = o+
dt : : .. : : b b '
xol(£) a1 ame.. am xal) n o bom um(t)

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
Steps for analysis
1 — Derive the differential equations
2 — Define the state variables x(t)
3 — Substitute step 2 in 1
4 — Arrange the equations in term of derivatives of x(t)

5 — Form the matrices for both state variables and outputs
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Exercise 122

Find the state space equations of the rolling cart system. g(t) and p(t) denote
the displacement of masses my and my, respectively. u(t) is the applied force.

Choose the output to be p(t).

q(t)

p()
ko |_> k1 |_>

2 m my u®)
2 —>
| | M=
by oo b— o 0O

Procedure:

— Write the differential equations of motions for each cart
— Define the state variables and rework step 1

— Find the state space representation
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Exercise 122 - continued

p

kz I_> kl |—>
my

(@)

bo [@) O b1 O

Step 1 - Differential equations of motion
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Exercise 122 - continued o) 20)

ko k1
AMA N
ﬂ/\'— VUV u(t)
ma my
b o0 h (E [CRENe)

m1p(t) + bip(t) + kip(t) = u(t) + kuq(t) + big(t)
mag(t) + (ki + k2)q(t) + (b1 + b2)a(t) = kup(t) + bip(t)

Step 2 - Define the state variables

Step 3 - Differential equations with state variables
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Exercise 122 - continued

)'<1(t) = X3(t)
)'(2(1‘) = X4(l’)

$a(t) = —xa(t) + a(t) - Zat) + 2oxa(e) + —u()
fa(t) = :7—2x1(t) - ’“mLfm(t) + %X3(t) bt b2X4(t)
x(t) = Ax(t) + Bu(t)
x(t) = . A= : B =
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Exercise 122 - continued

The output is p(t).

y(t) = Cx(t) + Du(t)
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Exercise 12
Draw th

3

e block diagram model of the state space equation of the two cart

system from Exercise 1.

q(t) p(t)

o [ & [

ﬂ AW u(t)
Mo my —
b 0 LT:

b2 [oXNe) 01 [0] [@)
The state space model is
x(t) = xs(t)
Xo(t) = xa(t)
ki ki 1

x3(t) = —;X 1(t) + *Xz(t) - *X3(t) + *X4(t) +ru(t)

1
. _k ky —|— ko b1 + by
Xa(t) = En(t) - T2X2(t) + ?2&( ) — ——x(t)
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Exercise 123 - continued

sa(t) = x3(t), X(t) = x(t)

k: k- b b 1
53(t) = — —=xq(t) + — () — —=xa(t) + —xa(t) + — u(t)
my m my my my
) k ki + k. b by + by
%a(t) = —=x1(t) — ——Z3(t) + —=x3(t) — ——2x4(t)
mp my mz mz
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Exercise 124

The cart shown must be moved so that mass m is always in the upright
position. The linearized equations of motion of the system are:

My (t) 4+ me(t) — u(t) =0
mly(t) + mf*6(t) — mlgh(t) = 0

where u(t) is the input force.

Find the state space equations and draw
the corresponding block diagram.
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Exercise 124 - continued
My(t) + med(t) — u(t) =0
mly(t) + mf*6(t) — mégh(t) =0
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Exercise 124 - continued
My(t) + med(t) — u(t) =0
mly(t) + mf*6(t) — mégh(t) =0
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Exercise 125

A system has the transfer function

Y(s) 6

R(s)  s34+6s2411s+6

Construct a state variable representation of the system.

Procedure:

— Find the differential equation relating y(t) and r(t)
— Define the state space variables

— Construct the state space matrices
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Exercise 125 - continued

Y(s) 6
R(s) s3+6s2+11s+6
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Exercise 125 - continued
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Exercise 126

A system is represented by the block diagram shown. Write the equations in
the standard space state representation form

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

Procedure:

— Find the equations for x1(t) and x»(t)

— Construct the state space matrices
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Exercise 126 - continued
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Exercise 127

Derive a state space model for the system shown. The input is i(t) and the
output is v(t).
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Exercise 127 - continued
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Next class...

® Final exam review
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