MECE 3350U
Control Systems

Lecture 2
Dynamic Models
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Outline of Lecture 2

By the end of this lecture you should be able to

o Model mechanical and electrical systems

e Find the differential equation that describes the behaviour of a physical
system

e Understand the analogy between mechanical and electrical systems
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Elements of a mechanical system

— Mass: The quantity of matter in a body x(t)
— Inertia: Tendency to resist changes in state of motion
Idealization: Rigid body f(t) m
2 . e
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J
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Elements of a mechanical system

— Spring: Designed to store energy k

Idealization: Negligible mass and damping —MWN——

&(e): Kt -22L)

e

(&)= Kk (Oa-62) —W—H)
J——vn M””L
e
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Elements of a mechanical system

— Viscous damper: Designed to dissipate energy —

Idealization: negligible mass and stiffness b
#[@): b(‘ '1,,@ - i)/)

z’/(é): b (8‘;@ - (93>

F F

viscous friction

#
X N‘M&Q kinetic/static friction
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Example

Find the equation of motion of the spring-mass-damper system.

b WEL
b k k "
T oL
WY
l F(t) l F(t) l F(t)

SF=om Ly

Fo) - bay -Kig = mozy —7 | ondy + bay + Ky = ag(&)
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Elements of electrical circuits

— Resistor: Resistance against electric current U1 N A A (%)

Idealization: No inductance or capacitance —,
/\r/__ X; R‘ ) u = g
v C
— Capacitor: Stores energy in an electric field V1 I V2
Idealization: No inductance or resistance [ .
. R b
N j wdt b= Cdar
c L
— Inductor: Stores energy in a magnetic field L,
Idealization: No capacitance or resistance UM
o= Lde ] e —C}L[{t —> .
de )

MECE 3350 - C. Rossa 7/30 Lecture 2



Example
Find the relation between the voltage V/, the current, and the charge in the
circuit. L q
C” R
v\
v(O) ‘ L

= %Swm cR+ Lﬁ_g}éé/;~ ff
&

CH R i
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Mechanical /electrical analogy

C
_|
D)

F= dt2 (1)
d 9.
V=l + q (2)

x(t) = Ke™“*sin(Bt + 0) (3)

Impulse response
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Mechanical /electrical analogy

L
Mechanical Electrical m YL
Force F Voltage 14
Velocity % Current i b R
Displacement  x Charge q —F— — NN —
Damping b Resistance R
Mass m Inductance L 1 C
Compliance k= | Capacitance C kMM
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Mechanical /electrical analogy

Taking: m =5 kg, k =0.25 N/m, b = 0.1 Ns.

1O ) 3

Step Response
/\ Impulse Response

Amplitude
Amplitude

0 Time (seconds) 50 0 Time (seconds) 50
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Mechanical /electrical analogy

Taking: m =5 kg, k =0.25 N/m, b = 0.1 Ns.
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Mechanical /electrical analogy

displacement/charge
velocity/current
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Exercise 3

Find the equations of motion of the mass-spring system shown.

Procedure:
— Draw the free body diagram of each mass

— Apply the equation of motion
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Exercise 3 - continued FViik Lo
2

a3 SF =iz, ON0) o o

Ko(ra-rd— Kixy = 77X
[+ (s ke @
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Exercise 4

Find the differential equations to model the behaviour of the system shown.

X
wo!
Yor® b
/ K k —{F—
Jvﬁ%ﬂw LT e

Procedure:
— Draw the free body diagram of each mass

— Apply the equation of motion
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Exercise 4 - continued
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Exercise b

Find the differential equations to model the behaviour of the system shown.

[oe sor

k1 ko ks

%‘—’\N\/\/—ml—’\/\/\/\l—mz—’\/\N\:—’§

Procedure:
— Draw the free body diagram of each mass

— Apply the equation of motion
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. . 72 L
Exercise 5 - continued [

Mass 1

Ko (22-x) — Kt = o z

L/,LI-[

|{Q_ (12/‘11 )

M, 2

Kolag-1.) a\ Kgzo = g Lo

K l(:LDJ—’L( )
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Exercise 6

Find the differential equations to model the behaviour of the system shown.

kq b

2—’\/\/\/\;— my ma > f(t)

QO O Q O

F

Procedure:
— Draw the free body diagram of each mass

— Apply the equation of motion
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Exercise 6 - continued FDI‘ b J 2
k1 —{F—
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Exercise 7

Find the differential equations to model the behaviour of the system shown.

_— b .’L'(t)
—F— ks
m =AW W
o ks
b
Procedure:

— Draw the free body diagram of each mass

— Apply the equation of motion
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Exercise 7 - continued /—I?I(
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Exercise 8

Write the the differential equations (i = f(V/)) of the following circuit.

Procedure:
— Apply Kirchhoff's voltage law

— Find the equations for /4 and i
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Exercise 8 - continued

R R
V= 4R +2d (01 -Lz> : v il(t)) L{\l“ L iz(D L ¢
&t ~ | ]
(vio)- LR+ L5(5T2))
Y
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Exercise 9

Write the the differential equations (i = f(V/)) of the following circuit.

2 H 2Q

VAN
V() il(D 2Q i2(® 2H

Procedure:
— Apply Kirchhoff's voltage law

— Find the equations for /4 and i
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Exercise 9 - continued

2 H 20
YYYN
V= 2do + 200 -42) v il(D 20 iQ(D 2H
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Exercise 10

Write the the differential equations (Voue = f(V)) of the following circuit.

I

vO Vout

Procedure:
— Apply Kirchhoff's law

— Find the equations for V,,: as a function of V

MECE 3350 - C. Rossa 28/ Lecture 2



Exercise 10 - continued

~V+ ﬁRJcCiwa, + bR =0

V= 2R+ L(pdk “”%
[

(\/(5): L IG) R+ é&f@))i{vmw

Vouls = iJLé% + LR
C
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Next class...

o Laplace transform
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