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Outline of Lecture 16

By the end of today's lecture you should be able to

® Understand the concept of frequency response
® Determine the magnitude of a transfer function
® Determine the phase of a transfer function

® Represent magnitude and phase in a Bode plot

MECE 3350 - C. Rossa 2/43 Lecture 16



Applications

The response of a unknown dynamic system to a sinusoidal excitation of
variable frequency was measured using an oscilloscope.
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What can we infer about the system ?
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Applications

An object free to vibrate tends to do so at a specific rate called the object's or
resonant frequency.

https://goo.gl/sv2nPQ

How can we identify the resonance frequency of a system?
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Frequency response

Industrial design of control system is accomplished using frequency-response
methods more often that any other.

process

— G0 ——

Advantages:
— Raw measurements of the output are sufficient for design
— Simple to compute

— No need to know the dynamic model of the system
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Frequency response

Frequency response: The steady-state response of the system to a sinusoidal
input signal.

process

U(s Y (s

Consider a system described by

Y(s) _

where the input u(t) is a sine wave with an amplitude A:

wo

u(t) = Asin(wet) —  U(s) = As2 oy (2
0
With zero initial conditions, we have
wo
Y(s) = G(s)A——
(5) = AT (3)
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Frequency response

+w

Using partial-fraction expansion, the solution takes the form of

Y(s) = (;(s)Asﬁ“’if)S (4)

(O SR T R ——— (5)
s—p1 sS—p2 S — Pn S + Jjwo S — Jwo

where oy is the complex conjugate of ap.

The time response is

y(t) = a1€” + areP' + ...+ ane” 4 2|ag| sin(wot + @) (6)

with

¢ =tan"" <;EZ§§) (7)
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Frequency response

y(t) = c1€” + ae™' + ...+ e + 2|ag|sin(wot + ¢) (8)

Provided that p; < 0 V i, the exponential terms die out eventually and the
steady-state response y(t — 00) is

y(t) = 2|ao|sin(wot + @) 9)
which can be expressed as 1 Q-
[ lY‘PV/Yr\ea/M){k/Y
y(t) = AM sin(wot + ¢) (10)
where
(n\eﬂm];g\ﬂe/

M = |G(jwo)| = G(8)ls=jeo = \/[?RG(JUJO)]2 +[SG(jwo)]®

a1 (SGUw) Y iy | ETE
¢ = tan (?R(G(jwo))) = £G(jwo)
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Frequency response
G(jwo) = R(wo) + jX(wo)

W M=1G(s)| = \/R(wo) + X(wo)?
¥

. —1 [ X(wo)
4G =tan”"
(jwo) = tan <R(wo)>
Note that in the above,rather than s = 0 + jw. Why?

Back to the temporal response, what can we conclude?

y(t) =AM Sin(th +4 QS) rrrez]venof yesfghse
Se * S=gyw
02 Q\gg S%ea&{\ﬁy{-e ) e hom TG
]
0
-0.1
° 5
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Example
Consider x(t) = sin(0.5t). What is y(t)?

z(t) 5 y(t) X(s) Y(s)
v [ [dt W
Vv WV

y(t) = 25in(0.5¢) +/sin(0.5t)dt

y(t) = 2sin(0.5%) — 2 cos(0.5t)

@ |

Trigonometric identity: asinx 4+ bcosx = v/a2 + b2sin(x + tan™* b/a)

RVAE)
goir = &L y(t) = 2v/2sin(0.5t — 0.785) (ﬂw
a7 '”\_/J
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Example
What is the magnitude of Y(s)?

y(t) X () Y(s)

1
@QSJ.D °
— /
1 <

Y(s) = (2 + g) X(s)

w=0.5rad/s. ﬂ
1G(s)| = (2+ L ) - (2+1 J)

0.5j 0

z(t) 5

[dt

IG(S)I—I2 2j]
60 = VET (B D P gy
4@(5)—tan '(—2/2) = 0.785 (r;:i:])/ Qv
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Frequency response

z(t) 5 y(t) X(s) 9

det

=

Re= 2 Yw
Im\—‘-&L/ S

M— 22
i} w—wo %Dx({)w—%a

v g

*&WFP@—D{MF%Z VQ r /

—+ 0 “ l

f TN

o
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Magnitude and phase plots
Recall that G(jw) =2+ 1j.

We can plot the magnitude and gain for any given frequency range.

Som e D
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Magnitude and phase plots

The horizontal axis is typically logarithmic

The horizontal axis shows log;,(w)

MECE 3350 - C. Rossa
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Bode plot

The magnitude is expressed in|Decibels
g P ]@
The magnitude is shown as|20 log;, |G(jw)|| This is called the "gain".

|G(jw)| = 10°72°

107%%rad/s 10g10 w

2 1.5 -1 05 0 05 1
/ frequency [rad/s] x powers of 10 ’K\
TS Lradly N0l
15/43 e i
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Gain and phase

Given a transfer function

0= R 2
The gain is
|G(jw)| = 20log {km} (12)
n o
[G(jw)| = 20 log(k) + 21: [20 log(jw + z)] + 21: [20 log w] (13)

Thus, if we know the Bode plot of basic functions, we can sketch the Bode
diagram of G(s).
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Gain and phase

Given a transfer function

_ H;’:l(s + z)
The phase is
Z[G(jw)] = ¢ = tan™* [;’{ggg%ﬂ (15)

+Z[4(Jw+z,)]+2|: pr] (16)

Thus, if we know the Bode plot of basic functions, we can sketch the Bode
diagram of G(s).
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Bode plot building blocks

R}
I j k ,L k R
Constant gain G(s) = k ¢ ‘

[1G(w)| = 20log|k| V w | L ghese @
~ ¢
561 ’ _ 17\:5@?07"&?7\7‘-
o(w) = tan™! (%) =0 Vw (Qre(rueﬂf-‘/

The gain curve is a horizontal line on the Bode plot.

If k < 0, the magnitude remains 20 log |k| and the phase becomes —180°.
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Bode plot building blocks
Pole at the origin G(s) = %

G(w)| = 20log

1‘ = 20log(1) — 20 logw =|—20log w
jw

J

L
Es?

o(w) = tan™? (lc/w)

c—0

= —90°

RN

40

frequency [rad/s]
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Bode plot building blocks

Zero at the origin G(s) = s

’ |G(w)| = 20log |jw| = 20log w

$(w) =tan" " (%) =90°

c—0

&

i o ¥

b=
G|(jw)]

frequency [rad/s]
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Bode plot building blocks

Multiple zeros or poles at the origin G(s) =s", n>00orn<0

A [16(w)l = 20l0g|(jw)"| = 1 x 20logw
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p(w) = tan~! (%)

c—0
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Exercise 93 20 log (—é%) = logCle) +2ﬂlvg(§7)
S=gw +0 lzgg C%)
Sketch the Bode diagram for the function G(s) = i—g = "?ﬁwﬁa“’)*qﬂhﬁ(gi)
o] i B decd
go4- - - 3 J'U(X/F bl/e Yo (‘,B e
48 404 --— /17 /,’ cuvves ‘;
20 ‘ . - 0 log Us) =204B
=0 = e I el N when. w=l
] ‘ ! ? 1]~
y [ A
-90 ‘ ﬁ |
| | ‘
| ‘ ‘ Yo dBjdec
—g0 4, : " : n " - 2 poles o
2 15 -1 05 0 0.5 1 the oryim
J frequency [rad/s]
-%0 - 30 A .
Lpdles ok o
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Bode plot building blocks

Poles on the real axis G(s) = =3, G(jw) = 7=t
«wo «wo

The magnitude of G(s) is

1G(w)| =

1‘

LI oy 1
JE+17 —jZ+1

Jug +1

wo
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Bode plot building blocks

Poles on the real axis G(s) = %, G(jw) = Jﬁoﬁ
1
G(jw)| =
|G(jw)l )
0
In Decibels, the gain is

I
|G(jw)las = 20log | ——

1
2 -2 2
—— = 20log °J2+1> =|—20l0g /< +1
“+1 wo )
0
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Bode plot building blocks

. w?
‘G(’]w)‘dB =-20 Iog > +1
Wo

Case 1: w << wg. Thus wz/wﬁ +1=1
— The gain is —20log(1) = 0 dB

— The phase is tan™*(0) = 0°

Case 2: w =wo

— The gain is —20log(+v/2) = —3 dB
— The phase is tan™!(—1) = —45°

Case 3: w >> wo, .. (W/wo)® >> 1
— The gain is —20log ( (w/wo)2) dB

'\
— The phase is tan™*(c0) = —90° )
_ a0

1072w 107'wy  wo 10%wo 10%wo 103w
frequency [rad/s]
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Exercise 94

20 -

e\m \e/
19) ¢
LoV e?)‘
0 Y
_ 1 __fo
Sketch the Bode diagram| for the function G(s) = =57 ~ 0151y _,_5—’_1@ 1
AV4 9-1 N
o Wecode el
reel gole A /P%Qﬂl%(;/j) —b ol ol
[ ol Ugrevay
|
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Bode plot building blocks

Zeros on the real axis G(s) = 2 + 1, G(jw) =1+
The gain is
w2
1G(jw)| = 201log (7) +1 (19)
wo
Note that the above is equal the negative gain of a pole on the real axis.

The phase is
—tant (£
¢ = tan (wo) (20)

Recall that the phase for a real pole was tan™! (—i)

wo

The real zero is the negative of a real pole on the Bode plot f
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Bode plot building blocks

H(s) = =, G(s) =s +5,

m 1
50
0
& |G(s)| z
= |H(s)| Q@\Q/
50
90

Phase (deg)
o

102 107" 10° 10" 102
Frequency (rad/s)
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Exercise 95

A tendon-operated robotic hand can be implemented using a pneumatic
actuator. The actuator can be represented by

1000

° = G o0+ 1) )

Plot the frequency response of G(jw). Calculate the magnitude in dB of G(jw)
at w = 10 rad/s w = 200 rad/s.
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Exercise 95 - continued @(s):_—L/—’> (see et s hide)

~Yo

—bo ]

-8

=(890 i

7 s LY S+l
/ 5%
1000

6(s) = (s T 100)(s £ 10)

(22)

Io*

cobolk fgg 7 T A
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Exercise 95 - continued

1000

/Ac(gmvlum O% -LO)'WJ/S G(S): m (23)
w) = Lo
o CW—G%W Gls)= Looo
L@o(lgo +1 L@((S 14)
2olog (lsg)l) =
20 log ({ooo) T ()= LodD
-0 ogW# M(Tjg*%_iad
— 20 log <lo®

whol cpre?wwés 1oo recdls
| 6Glg = ‘S,OSQLBk 1o neull
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Exercise 96

Plot the Bode magnitude and phase for the system with the transfer function

~2000(s + 0.5)
¢(5) = s+ 10)(s 1 50)

Procedure
Identify the components of the transfer function for which you know the Bode

plot. Draw the Bode plot for each component, then add them up to find the
Bode plot of G(s).
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Exercise 96 - continued

S
— Constant: <0 [05[5&);’ 6dR (T@ ‘ )(% < [) wh
— Pole at the origin: S — —20 dB/dec.
— Real zero: Es_d —> ~20dBMec w0 ) %éf > ~ 208, w5

— Real pole: @_% <l €dBl, 0.5

The gain is

B 2000(jw + 0.5)
G =20log L’w(jw T10)(jw + 50)}

Which can be expressed as

20log (000) + 020193—1 W e.5% - W 108w ~Q,olog w2 10

~ 20 log 1) w¥+ 507
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Exercise 96 - continued

G(s) = 20005 +05) 2000 0.5(55 + 1)
s(s + 10)(s + 50)
sw(i_ m/ 5@(% %L)
661 2 [E <L)

S (é fz) (i JCA)
10 50

wkold Fre 7uewéw — Xi,OS dle

50
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B
Exercise 96 - continued ology R 2)= 6

P c
. 2(5% +1) 97
(s) = s(5+1)(5 +1)

2

g

A=z

-4

w -l 0,‘5 9 )
WWL ot nc rgymawés
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Exercise 96 - continued

B 2(5% +1)
O = EZrnE 1D

&
e

~99’” i
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Exercise 97

MECE

The body plot of a system was determined experimentally using a sinusoidal
wave excitation. Estimate its transfer function.

3350 - C. Rossa
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Exercise 97 - continued . g@L
2 N ,
Ny o \
\d%’ \8@%‘56 Q@ @\Q) //D \\/
P 7 ts= K (2

s )
G(s)= OrOQi(o—%(—)(S{— o,@()

B

Magnitude (dB)

{ 109
i (seo ) s (5 229)
~ [ —
% 6() = (stool)
£ (s+o.t)(s+ lov)

|
[
| T T d
10 102 ol o0 102 10*

//l requency (rad/s) ™~
5 .t { \ i

} S
°° @%*i 100
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Exercise 98

A robotic arm has a joint-control loop transfer function %
or -

}\zofﬂ\g/ \y/ Sgluy()""

O\'\QOK/ (ﬂ\ék \éb

Y

300(s + 100)
() = s+ 10) (5 + 40)°

Plot the Bode diagram of the transfer function.
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Exercise 98 - continued

(\L
o 6(s) — 30006 +100)
\é}g‘{‘& s(s + 10)(s + 40)
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Exercise 99

A typical industrial robot has multiple degrees of freedom. A unity feedback
position control system for a force-sensing joint has a loop transfer function

dl&\

v

@rﬁ‘\

B 10
Y G e Gy

Sketch the Bode diagram of this system.

Chock.  soludon
wih  MATLAB
bade (1)
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Exercise 99 - continued

_ 10
GG (5 L)

W(s)
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Next class...

® More on Bode plots
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